Math-1060

Lesson 6-2
“Sum and Difference Identities”



The Distributive Property (of multiplication over addition)
2(x—4) —2x-—8
Is function notation “distributive”?  In other words: f(a + b) = f(a) + f(b)
fx) =x* f2)=4 f(3)=9 f(2) + f(3) = 13

f2) +f(3) # f(2+3) f(2+3) =25
Function notation is NOT “distributive.”

sin(m + E) — sin (3_”) = —1 sin(m + E) #* sin 1T + sin (E)
> > 2 2

sin(m) = 0 sin(g) =1 sin(A + B) # sin A + sin B

We are now trying to find an identity:  sin(A + B) =?



How can we find the distance between two points (-2, 1) and (4, 3) on the x-y plane?

1) Graphing them on the x-y plane then using the Pythagorean relation.

4 2 2
3 : AB =/(6)" +(2)
_ -

5 ,,,;””// BC =2 AB = ~/40
A — C AB = 2+/10
o — 4 ®
0 A(? - 6 ] 2) Or by using the distance formula (which
=2 1 0 1 2z 3 4 comes from the Pythagorean relation.

1 J

d = \/é—z —4)?2 4+ (1 -3)% d =/ (x —x1)% + (y2 — y1)?

d =/(—6)2 + (—2)2 d=+40 d=2V10



Recall:

sin @

Sin @ =
hyp
adj
cosf = —
hyp



Standard position angle a
(cos q, sin a)

Standard position angle 3

(cos [3, sin 3)

What is the measure okthe angle that
two terminal sides of thesstandard po:




Find the distance

d = +/(cos B — cos @) 2+(sin f — sina) 2 between these two points.

(cos q, sina

(cos B, sin B)




Rotate the angle (formed by the
2 terminal sides) clockwise by 3.

(cos a, sin

What are the coordinates
of the new points?

(cos(a — [3), sin(a,— B)




Find the distance between
d = \/(1 —cos(B— a))* + (0 — sin(f — a))* these two points.

(cos(a — [3), sin(a,— B)




d =+/(cos B —cosa) 24+(sinf —sina) 2 Simplify

d = +/cos? B —2cos B cosa + cos2a + sin2 B — 2sin B sina + sin? a

d =@B+sinzﬁ Zcosﬁcosa@a+@—25inﬁsina

d =\/2—2cosﬁcosa—25inﬁsina

d =+/(1—cos(B—a))? + (0 —sin(f — a))? Simplify

d = \/1 — 2cos(B — a) Hcos?(B— a) + sin*(f — a)

d = \/2 —2cos(f—a) Thedistances are equal to each other.

\/Z—ZCOSIBCOS(X—ZSinﬁSin(X=\/2—2COS(B—C¥)



The distances are equal to each other.

\/2 —2cosffcosa—2sinfsina = \/2 —2cos(f—a)
Square both sides and simplify

2—2cosfcosa—2sinBsina=2-—2cos(B—a)

cosff cosa + sinfsina = cos(f — a)
Re-arrange so it's easier to remember

cos(B — a) = cosa cos 8 + sinasin 3

Cosine Is even so: cos(-X) = cos(x)

cos(a — ) = cosa cos f + sinasin 3

Presto: we have the “Difference Identity”




cos(a — ) = cosa cos  + sina sin 3

Now the Sum ldentity

cos(a — (—f)) = cosa cos(—pf) + sina sin(— )
Cosine Is even so: cos(-x) = cos(x) Sine Is odd so: sin(-x) = -sin(x)

cos(a — ) = cosa cos f — sina sin 3

What are the "nice” refence angles? 30 = A5 =

Just look at the denominator, what is the reference angle?

30°_ OTL 450_ /™ 60°_ 2T 90°_ 37
6 4 3 2




Cosine Difference Identity cos(a — ) = cos a cos 8 + sina sin [3

Cosine Sum Identity | cos(a + ) = cos a cos f — sina sin 3

Using these identities, we can find the exact trig ratios for more angles.

5

Rewrite the angle as the sum of “nice” angles. cos _172T
3n  2m _ _ _ i
+ — - L WS & W [
— cos( 1 + 12) — cos( o cos( 4) COS (6) sin (4) sin( 6)

/2 v3 v2 1 Ve V2 | V6-+2
—_ — >|< _ R _ N
2 2 2 2 4 4 4

Simplify.  cos(2x) cos(7x) — sin(2x) sin(7x)
— cos(2x + 7x)



_ . . 7T
Find the exact trig ratios for these angles. cos - cos(15)

10r 3w 51 5T\ . T
- cos(E — E) COS(? 4 _) - Cos(—) COS (4) + sin — sin( Z)

@—x/Eer/? V2 —/6
2 4 T a2 [T 4

V6 2 V6 +v2
4 4 4




Derive the Sine Sum/Difference Identities

_— —— T
sin® = cos(90 — @) )  Cofunction Identity sin© = cos(—= — 0)

Let © = (A + B)

sin(A + B) = cos(90 — (A + B)) Expand using the Cosine Difference Identity

sin(4 + B) =(cos(90 — A)rosB +inB Substitution

sin(A + B) = sinA cosB + cosAsinB || Sine Sum ldentity

sin(A + (—B)) = sinA cos(—B) + cosAsin(—B)

sin(A — B) = sinA cosB — cosAsinB Sine Difference ldentity

tan T tan v

sin( i T V) =sin wcosvcosusin v tan(n Tv) = —
l¥tan i -tan v
¢



_ . . 51 .
Find the exact trig ratios for these angles. SiTlE sin( 15)

Sm(3—n + 2—) - Sln( + —) — sm(—) COS (6) + coS (Z) sin( %)

V2 V3 V2 1 V6 2 V6 +2
> $ — 4+ — % — b —t— 5 |>
2 2 2 2 ) A

V3 V2 1V2 V6 V2 | V6-\2
22 22 4 4 T4




Using combinations of the following angles: 30, 45, 60, 90;
find three other angles for which an exact trig ratio is possible
using the Sum-Difference Identities.

45-30=15 454+30=75 45+60 =105

| S

Using combinations of the following angles: - % g % find three
other angles for which an exact trig ratio is possible using the

Sum-Difference Identities.

m 51 71T
12’7127 12




Tangent Sum ldentity
sin(A + B) sinAcosB + cosAsinB

cos(A+B)  cosAcosB—sinA sinB
1

cosAcosB

sinAcosB + cosAsinB SlnACngg C\QggsinB
_ cosAcosB cosAco coMcosB
Tan(A +B) = cosA cosB—sindsinB ~ cdsAcdsB  sindsinB

Tan(A + B) =

Multiply numerator and denominator by:

cosAcosB coscos®  cosAcosB
sind = sinB Tangent Sum ldentity
__ CosA ' cosB
Tan(A+ B) = SinAsinB 4B tanA + tanB
~ cosAcosB tan(4 + B) = 1 — tanA * tanB




Tangent Sum ldentity
tanA + tanB
1 —tanA * tanB

tan(A — B) = tan(4 + (—B)) tan(A + B) =

tanA + tan(—B)
1 — tanA * tan(—B)

Tangent Is odd so: tan(-x) = -tan(x)

tan(4A + (—B)) =

Tangent Difference ldentity

A_B tanA —tan B
tan(d — B) = 1 + tanA * tanB On the reference sheet the Sum/Difference
|dentities are given as:
. . . tan i T+ tan v
s # T V) =sin 1 COSVICOSHSM V tan(z T v) =

l+tan «-tan v
cos( T Vv)=cosucosvF s isin v




Find the exact value of Tan(A + B) given the following information:

1 1 The terminal side of ‘A’is in
SINA = — T cosB = 3 quadrant Il and the terminal side of
‘B’ is quadrant V.

1. Graph the standard position angle ‘A’ then build a right triangle with the reference
angle “©” (the angle whose terminal side passes through (x, -1) that has a
hypotenuse of 5.

2. Find 'x: x% 4 (—1)% =25

x=—24 x=-2V6

—1
X i _ Yl tandA = ——
< T6 » 3. FInd tanA [tand = ” —2\/5
1| /5 V6
tanA = —
an v




_ 1 4. Graph the standard position angle ‘B’ then build a right triangle
CosB == \ith the reference angle being “©” (the angle whose terminal
side passes through (1, y) that has a hypotenuse of 3.

5. Find'y:  y24(1)2=09 y=—/8 y=-2V2

6. Find tanB tanB=X tand —2v2 tand = —2v2

tanA + tanB
1 — tanAtanB

75 T (—=2v2) V6 — 24+/2)
y =1 -
3 tan(A + B) = 12— 4v3)

x +(—2/2)

N\é

(1,y)

<



